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Part 1: Jacobian Derivation  

 The Jacobian is a 6x6 matrix of partial differentials that govern two important relationships in 

robotics: joint velocity to end effector motion (translational and rotational), and joint torques to 

applied loads. There are two ways to derive the Jacobian. The first method involves iterative 

propagation techniques, and the second method involves explicit differentiation. This section dives 

into deriving the Jacobian using each technique for a SCARA Mitsubishi Arm.  

1.1 Velocity Propagation 

Velocity propagation is a method of deriving the Jacobian through its relationship between the 

motion of the end effector and the angular velocities of each of the independent joints. This is 

expressed in the follow equation:  

𝜈 = 𝐽(Θ) Θ̇ 

𝜈 = [𝜈𝑥 𝜈𝑦 𝜈𝑧 𝜔𝑥  𝜔𝑦 𝜔𝑧]
𝑇

 

Θ̇ = [  𝜃1̇ 𝜃2̇ 𝜃3̇ 𝑑4̇]
𝑇

 

In order to establish this relationship between all the joint velocities and the end effector, the 

relationships between each adjacent link needed to be solved for, and then iteratively chained till the 

final relationship was found. This was done with the following equation relating the effect of angle 

velocity on an adjacent link’s translational and rotational motion: 
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As seen above, the inputs for these iterative calculations required information about relating the 

geometry of the two joints (and ultimately all the joints to each other). In order to achieve this, a 

parametric DH table describing the robot was created. This was done by symbolically defining the 

DH parameters within each link, and then using the “SerialLink” function to chain them. 

 

Next, forward kinematics was run on the table with the relevant matrices extracted: 



 

This information was then plugged into the equations above, iteratively solved for each link, and 

then combined into the Jacobian matrix. This matrix was, however, in reference to the end effector, 

and so the Jacobian Rotational matrix describing the relationship between the base and end effector 

frames was multiplied with in order to put the Jacobian in reference to the base: 

 



 

 

1.2 Force Propagation  

The second method used to derive the Jacobian was force propagation, which involved back 

propagating forces from the end effector to the first link. The equivalent equation follows:  

  
  

𝜏 = 𝐽𝑇𝑓 

𝑓𝑖 
𝑖 = 𝑅𝑖+1

𝑖 𝑓𝑖+1 
𝑖+1  

𝑛𝑖 
𝑖 = 𝑅𝑖+1

𝑖+1
𝑖 𝑛𝑖+1 + 𝑃𝑖+1 

𝑖 × 𝑓𝑖 
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Assuming the applied loads are as follows: 

𝑓𝑒𝑒 = [𝑓𝑥  𝑓𝑦 𝑓𝑧]
𝑇

 

𝑛𝑒𝑒 = [𝑛𝑥  𝑛𝑦 𝑛𝑧]
𝑇
 

 

The following forces and moments were back propagated:  

 

  



 However, the only relevant forces and moments to us are the ones that are acting against our 

revolute joints, which means only those that act in the respective z axis of each frame. As such, we 

need to multiply our results to only evaluate those contributions: 

 

  

 Finally, we connected the solved taus together and extracted the coefficients, solving for our 

transposed Jacobian matrix as described in the original equation. To transform this matrix to the 0-

reference frame as a regular Jacobian, we first need to take the transpose, and then multiply the 

transpose by the Jacobian Rotational matrix we solved for in Part 1.1: 

 
 

Ultimately, we received the same Jacobian we solved for in Part 1.1, verifying our results: 

 

  
  



  
  
Part 1.3 Explicit Differentiation 

 The third way to derive the Jacobian involves explicitly relating the links all in one matrix 

according to the following rules: 

 

 The first step of the method involved first collecting all the colored parts above. The blue, 

purple, and orange on the right-hand side were collected by solving for the transformation matrices 

and then extracting the information: 

 

 Using these values, the upper half of the Jacobian containing the linear contributions were 

solved for every link: 

 



 Next, the lower half of the Jacobian containing the angular contributions were solved for by 

applying the rules stated in the diagram above: 

 

Finally, the two halves were squished together, forming the answer Jacobian matrix: 

 

 

 

Part 2: Singularities  

2.1 Singularity Configuration  

 Configurations of joint angles are defined to reach singularity when the determinant of the 

Jacobian equals zero. This makes intuitive sense; if the Jacobian is the map from joint angles to task 

space, then when it maps to a lower dimension a rank is lost and a singularity is reached. In order to 

solve for this, we first solved for the determinant of the Jacobian. Since determinants can only be 

determined for square matrices, we cut out the two rows of zeroes corresponding to the roll and pitch 

orientations (which we cannot control with our SCARA arm and are therefore irrelevant) to create a 

4x4 matrix and solved for the determinant: 

 



The following determinant was solved for: 

 

Since the angle of joint 1 – t1 – is freely revolving around the origin, it doesn’t affect the 

singularity discussion. By setting the equation of the determinant above equal to zero and graphing in 

Desmos (x-axis is t2, y-axis is determinant), we get the following: 

 

 As seen above, the roots of the equation (where the determinant is zero) lie on k(pi), where k 

is an integer. As such, the singularity lies where t2 is pi, when the arm is folded on itself, and 0, when 

the arm is fully outstretched. 

 

2.2 Analytical Implications  

  The first implication of reaching a singularity configuration is that the SCARA loses a degree 

of freedom. This can be observed by setting t2 to zero in the Jacobian, which reduces the matrix to 

the following:  

𝐽 
0

4  =

[
 
 
 

 
−𝐿2 sin(𝜃1) − 𝐿1 sin(𝜃1) −𝐿2 sin(𝜃1) 0 0

𝐿2 cos(𝜃1) + 𝐿1 cos(𝜃1) 𝐿2 cos(𝜃1) 0 0
0 0 0 −1 
1 1 1 0 ]

 
 
 
 

Solving for Vx and Vy based on the Jacobian relationship: 

𝜈𝑥 = [−𝐿2 sin(𝜃1) − 𝐿1 sin(𝜃1)]𝜃1̇ + [−𝐿2 sin(𝜃1)] 𝜃2̇ 

𝜈𝑦 = [𝐿2 cos(𝜃1) + 𝐿1 cos(𝜃1)]𝜃1̇ + [𝐿2 cos(𝜃1)] 𝜃2̇ 



𝜈𝑥

−𝐿2sin (𝜃1)
= [1 +

𝐿1

𝐿2
] 𝜃1̇ + 𝜃2̇ 

𝜈𝑦

𝐿2 cos(𝜃1)
= [1 +

𝐿1

𝐿2
] 𝜃1̇ + 𝜃2̇ 

𝜈𝑦

𝐿2 cos(𝜃1)
=

𝜈𝑥

−𝐿2sin (𝜃1)
 

 As seen, Vy and Vx cannot move independently of each other, and the SCARA robot can only 

move in the radial direction effectively losing a degree of freedom. 

 The second implication is that the SCARA can lock up – that is, get stuck in a configuration in 

which its joints cannot actuate a torque to affect movement in response to a force: 

 

In this scenario:  

 

 

Here, the torque is zero in response to a finite force, locking the SCARA up.  
 

 

 

 

 

 



Part 3: Jacobian Ellipsoids 

 Manipulability ellipsoids were created for a simplified, 2R model of the SCARA robot above 

with 𝐿1 = 325 𝑚𝑚 and 𝐿2 = 225 𝑚𝑚.  

 To create the ellipsoid graph for a 2R robotic manipulator, range of x-coordinates was 

defined, keeping the y-coordinate fixed. Because the lower bound for the workspace is 100mm, the x 

range was started there instead of at 0mm. For each x-coordinate, the robot's joint angles was 

calculated using inverse kinematics. Subsequently, we computed the Jacobian matrix at these angles 

and derived its eigenvalues and eigenvectors. These were used to calculate the isotropic index and 

plot ellipses representing the manipulability at each position.  

 

 

The isotropic indices were also plotted against the x-coordinates to visualize how 

manipulability varies across the robot's workspace. 



 

 As we can see, the lowest isotropic index (closest to sphere) was at the 210mm x range, right 

around 𝜃1 = 0.76 and 𝜃2 = −2.45. This is the optimal configuration of the robot arm and should be 

centered around when designing the task.  

Methods: 

 



 

 



 

 


